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EXTENDED SIMPLICIAL RATIONAL NOMIZU’S
THEOREM
HISASHI KASUYA
Abstract. For a torsion-free virtually polycyclic group Γ, we give a
canonical homomorphism form certain finite-dimensional cochain com-
plex to the Q-polynomial de Rham complex of the simplicial classifying
space BΓ which induces a cohomology isomorphism. By this result,
we obtain the Sullivan’s minimal model of certain differential graded
algebra defined on BΓ and we obtain new examples of hard Lefschetz
symplectic manifolds and hard Lefschetz contact manifolds.
1. Introduction
A group Γ is polycyclic if it admits a sequence
Γ = Γ0 ⊃ Γ1 ⊃ · · · ⊃ Γk = {e}
of subgroups such that each Γi is normal in Γi−1 and Γi−1/Γi is cyclic. For
a polycyclic group Γ, we denote rankΓ =
∑i=k
i=1 rankΓi−1/Γi. Let Γ be a
torsion-free virtually polycyclic group. For a representation of Γ into a Q-
algebraic group G, if the image ρ(Γ) is Zariski-dense in G, then we have
dimU ≤ rankΓ where U is the unipotent radical of G (see [29, Lemma
4.36.]). We say that ρ : Γ→ G is a full representation if dimU = rankΓ.
For a a simplicial complex K with pi1K = Γ and a Γ-module V with a
finite dimensional Q-vector space, considering V as a local system on K, we
can define the Q-polynomial de Rham complex A∗p(K,V ) of K with values
in local system V . We also consider V = lim
−→
Vi for an inductive system of
finite dimensional pi1(K)-modules Vi. We define
A∗p(K,V ) = lim−→
A∗p(K,Vi).
Let Γ be a torsion-free virtually polycyclic group. We consider the fol-
lowing situation:
• We have a Q-algebraic group G and an injective representation ρ :
Γ→ G such that the image ρ(Γ) is Zariski-dense in G.
• ρ : Γ→ G is a full representation.
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We consider the simplicial classifying space BΓ of a torsion-free virtually
polycyclic group Γ. For a rationalG-module V , we consider theQ-polynomial
de Rham complex A∗p(BΓ, V ). We also consider the complex of ”G-invariant
differential forms” on U . We can take a splitting G = T ⋉ U such that U
is the unipotent radical of G and T is a maximal reductive subgroup of G
(see [27]). For the Lie algebra u of U , we consider the cochain complex
(
∧
u
∗ ⊗ V )T of the T -invariant elements of the cochain complex of the Lie
algebra u with values in V . Then, in this paper we show the following result.
Theorem 1.1. We have an explicit map (
∧
u
∗ ⊗ V )T → A∗p(BΓ, V ) which
induces a cohomology isomorphism.
Remark 1.1. It is known that a Q-algebraic group G and an injective rep-
resentation ρ : Γ→ G so that
• We have a Q-algebraic group G and an injective representation ρ :
Γ→ G such that the image ρ(Γ) is Zariski-dense in G.
• ρ : Γ→ G is a full representation.
• The centralizer ZG(U) of U is contained in U .
exist and such G is unique up to isomorphism of Q-algebraic groups ([2,
Appendix A.]). Such G is called the algebraic hull of Γ.
For a representation φ : Γ → GL(V ) with a finite dimensional Q-vector
space V , consider the representation ρ × φ : Γ → G ×GL(V ) and the take
the Zariski-closure Gφ of the its image. Then the representation Γ→ Gφ is
also a full representation and φ : Γ→ GL(V ) is extended to a rational rep-
resentation Gφ → GL(V ) (see [20, Section 3]). Thus, for any representation
φ : Γ→ GL(V ) with a finite dimensional Q-vector space V , applying Theo-
rem 1.1, the cohomology of the Q-polynomial de Rham complex A∗p(BΓ, V )
is computed by the finite-dimensional cochain complex (
∧
u
∗ ⊗ V )T .
Theorem 1.1 can be regarded as a generalization of simplicial rational
version of Nomizu’s Theorem ([28], [23]). Let N be a simply connected
nilpotent Lie group and n be the Lie algebra of N . We suppose that N has
a lattice (i.e. cocompact discrete subgroup) Γ. We consider the nilmanifold
Γ\N . Then, considering the cochian complex
∧
n
∗ of the Lie algebra as
the space of the invariant differential forms, in [28], Nomizu proves that the
canonical inclusion
∧
n
∗ ⊂ A∗(Γ\N) induces a cohomology isomorphism
H∗(n,R) ∼= H∗(Γ\N,R)
where A∗(Γ\N) is the de Rham complex of Γ\N .
In [23], Lambe and Priddy give a simplicial rational version of Nomizu’s
theorem. For simply connected nilpotent Lie group N with a lattice Γ, Γ is
a torsion-free finitely generated nilpotent group and a nilmanifold Γ\N is an
aspherical manifold with the fundamental group Γ. Conversely any torsion-
free finitely generated nilpotent group Γ can be embedded in a simply con-
nected nilpotent Lie group N whose Lie algebra n admits a Q-structure
nQ (see [29]). In [23], considering the simplicial classifying space BΓ of a
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torsion-free finitely generated nilpotent group Γ and the Q-polynomial de
Rham complex A∗p(BΓ,Q), Lambe and Priddy construct an explicit map∧
nQ → A
∗
p(BΓ,Q) which induces a cohomology isomorphism. A simply
connected nilpotent Lie group N can be considered as a real unipotent al-
gebraic group with a Q-structure N(Q) so that Γ ⊂ N(Q). Regarding a
torsion-free finitely generated nilpotent group Γ as a polycyclic group, we
can say that the Q-algebraic group N(Q) is the algebraic hull of Γ (see [29]).
Nomizu’s theorem gives an important fact on the theory of Sullivan’s
minimal model. We can say that the Differential graded algebra (shortly
DGA)
∧
n
∗ is the minimal model of A∗(Γ\N) (see [11]).
We can generalize this fact. For a torsion-free virtually polycyclic group
Γ, take G the algebraic hull of Γ and a splitting G = T ⋉ U for a maximal
reductive subgroup T . Denote by u the Lie algebra of the unipotent hull
U of Γ. Consider the the coordinate ring Q[T ] of the algebraic group T .
By the composition Γ → G → T where G → T is the projection, since
Q[T ] is a rational T -module, we regard Q[T ] as a Γ-module. Consider the
Q-polynomial de Rham complex A∗p(BΓ,Q[T ]). Then A
∗
p(BΓ,Q[T ]) is a
differential graded algebra (DGA). By Theorem 1.1, we have the following
result.
Theorem 1.2. We have an explicit DGA map
∧
u
∗ → A∗p(BΓ,Q[T ]) which
induces a cohomology isomorphism. Hence
∧
u
∗ is the minimal model of
A∗p(BΓ,Q[T ]).
See [19] for the similar result on solvmanifolds where a solvmanifold is
the compact quotient Γ\S of a simply connected solvable Lie group S by a
lattice Γ.
An infra-solvmanifold is a manifold of the form G/∆, where G is a simply
connected solvable Lie group, and ∆ is a torsion-free subgroup of Aut(G)⋉G
such that the closure of h(∆) in Aut(G) is compact where h : Aut(G)⋉G→
Aut(G) is the projection. An infra-solvmanifold is a generalization of a
solvmanifold. An infra-solvmanifold is a aspherical manifold with a virtually
polycyclic group. Theorem 1.1 is useful for finding symplectic structures on
infra-solvmanifolds M whose cohomology classes in H2(M,Z). By finding
such symplectic infra-solvmanifolds, we obtain the following results.
Theorem 1.3. We obtain the following new examples.
• Symplectic blow-ups of complex projective spaces along certain em-
bedded infra-solvmanifolds which satisfy the hard Lefschetz proper-
ties. (But, it is not clear whether these manifolds admit Ka¨hler
metrics.)
• Non Sasakian contact manifolds which satisfy the hard Lefschetz
properties in the sense of [6], [25].
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2. Cohomology of algebraic groups
The purpose of this section is to construct an explicit cochain complex
homomorphism which induces the Hochschild isomorphism on the rational
cohomology of an algebraic group. For this construction, we are inspired
by the simplicial construction of Van Est isomorphism on the continuous
cohomology of a Lie group (see [30]). Let G be a Q-algebraic group. A
G-module is called rational if it is the sum of finite-dimensional G-stable
subspaces {Vi} so that each Vi comes from a rational representation. For
a rational G-module V , we define the rational cohomology H∗(G,V ) =
Ext∗G(Q, V ) as [15] and [22]. We have the standard resolution. We denote
by Cp(G,V ) the set of the V -valued rational functions on G× · · · ×G︸ ︷︷ ︸
p+1
with
the left-G-action. Consider the sequence
V // C0(G,V )
d
// C1(G,V )
d
// . . .
such that the first map V → C0(G,V ) is the embedding as constant func-
tions and d : Cp(G,V )→ Cp+1(G,V ) is given by
dφ(g0, . . . , gp+1) =
∑
(−1)iφ(g0, . . . , gˆi, . . . , gp+1)
for φ ∈ Cp(G,V ), g0, . . . , gp+1 ∈ G. Then the rational cohomology H
∗(G,V )
is the cohomology of the cochain complex C∗(G,V )G. For the unipotent
radical U of G and a maximal reductive subgroup T , we have a splitting
G = T ⋉ U ([27]). Let u be the Lie algebra of U . Hochschild showed that
we have an isomorphism
H∗(u, V )T ∼= H∗(G,V ).
The purpose of this section is to represent this isomorphism as a cochain
complex homomorphism.
Let A∗a(U) be the algebraic de Rham complex of the algebraic variety U .
Consider the coordinate ring Q[U ] of U . By the spectral sequence as [12,
Proposition 3.4], we have H1(G,Q[U ] ⊗W ) = H1(U,Q[U ] ⊗W )T = 0 for
any finite dimensional rational G-module W . This implies that Q[U ] is an
injective G-module (see [16]) We have A∗a(U)
∼= HomQ(
∧
u,Q[U ]) and hence
A∗p(U) ⊗ V is an injective G-module (see [22]). Since the exponential map
exp : u → U is an isomorphism of Q-algebraic variety, we have H0(A∗a(U)⊗
V ) = V and H∗(A∗a(U)⊗ V ) = 0 for ∗ > 0. Hence the sequence
V // A0a(U)⊗ V
d
// A1a(U)⊗ V
d
// . . .
is an injective resolution.
By a splitting G = T ⋉U , we have the homomorphism α : G→ Aut(U)⋉
U . We define the map
σp(·)(·) : G× · · · ×G︸ ︷︷ ︸
p+1
×Qp → U
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such that σ0(g0)(0) = α(g0)e, σ
1(g0, g1)(t1) = α(g0)exp((1−t1)logα(g
−1
0 g1)e
and inductively
σp(g0, . . . , gp)(t1, . . . , tp) = α(g0)exp((1−t1)logσ
p−1(g−10 g1, . . . , g
−1
0 gp)(t2, . . . , tp)).
It is known that the exponential map exp : u → U is an isomorphism of
Q-algebraic variety and log : U → u is the inverse. Hence the map
σp : G× · · · ×G︸ ︷︷ ︸
p+1
×Qp → U
is a homomorphism of Q-algebraic variety such that for any (t1, . . . , tp), the
map
σp(·)(t1, . . . , tp) : G× · · · ×G︸ ︷︷ ︸
p+1
→ U
is a G-equivariant map. We note
σp(g0, . . . , gp)(t1, . . . ti−1, 0, ti, . . . tp−1)
= σp−1(g0, . . . , gi−1, gi+1, . . . , gp)(t1, . . . , tp−1).
For (g0, . . . , gp) and ω ∈ A
∗
a(U)⊗V , considering the map σ
p(g0, . . . , gp)(·) :
Qp → U ∼= u which is a homomorphism of Q-algebraic variety, we have the
Q-algebraic differential form σp(g0, . . . , gp)
∗ω for parameters (t1, . . . , tp) ∈
Qp. We regard σp(g0, . . . , gp)
∗ω as a Q-polynomial differential form on Rp.
We define the map θ : Apa(U)⊗ V → Cp(G,V ) such that
θ(ω)(g0, . . . , gp) =
∫
∆
⊗idV σ
p(g0, . . . , gp)
∗ω
where
∆ = {(1− t1 − · · · − tp, t1, . . . , tp)|0 ≤ ti ≤ 1}
is the standard p-simplex for the parameters (t1, . . . , tp). Then we can easily
show that the map θ : A∗a(U) ⊗ V → C
∗(G,V ) is G-equivariant cochain
complex homomorphism by Stokes’ theorem. (cf. [30, Section 3])
Now we have (A∗a(U)⊗V )
G = (
∧
u
∗ ⊗ V )T where
∧
u
∗⊗V is the cochain
complex of the Lie algebra u with values in the u-module V . Consider
the restriction θ : (
∧
u
∗ ⊗ V )T → C∗(G,V )G. Then the induced map θ :
H∗(u, V )T → H∗(G,V ) is identified with the map Ext∗G(Q, V )→ Ext
∗
G(Q, V )
induced by the identity map V → V . Hence we have the following result.
Theorem 2.1. The map θ : (
∧
u
∗ ⊗ V )T → C∗(G,V )G induces a cohomol-
ogy isomorphism
H∗(u, V )T ∼= H∗(G,V ).
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3. Simplicial de Rham theory
We denote by A∗p(n) the Q-DGA which is generated by t0, . . . , tn of degree
0 and dt0, . . . , dtn of degree 1 with the relations t0 + · · · + tn = 1 and
dt0 + · · · + dtn = 0. We can regard A
∗
p(n) as the Q-polynomial de Rham
complex on the standard n-simplex ∆n. We define the map
∫
∆n : A
n
p (n)→ Q
by the ordinary Riemannian integral. Let K be a simplicial complex with
a universal covering complex K˜. We denote by n(σ) the dimension of a
simplex σ ∈ K. Let V be a finite-dimensional Q-vector space which is
a pi1(K)-module. We denote by A
∗
p(K,V ) the space of collections {ωσ ∈
A∗p(n(σ)) ⊗ V }σ∈K˜ such that:
• {ωσ}σ∈K˜ are compatible under restrictions to faces i.e. i
∗ωσ = ωτ
for the inclusion i : τ → σ of a face.
• {ωσ}σ∈K˜ are invariant under the pi1(K)-action i.e. γ · ωγσ = ωσ for
any γ ∈ pi1(K).
We call A∗p(K,V ) the Q-polynomial de Rham complex of K with values
in local system V . The space A∗p(K,V ) with the exterior derivation is a
cochain complex. Let C∗(K,V ) = (C∗(K˜) ⊗ V )Γ be the cochain complex
of simplicial cochains with values in the local system V . Define the map
ι : Anp (K,V )→ C
n(K,V ) such that for σ ∈ K with n(σ) = n
ι({ω})(σ) =
∫
∆n
⊗idV (ωσ).
Then, this map is a cochain complex homomorphism and this map induces
a cohomology isomorphism (see [8, Chapter 9], [13, Chapter 12-14]).
Let V = lim
−→
Vi for an inductive system of finite dimensional pi1(K)-
modules. We define
A∗p(K,V ) = lim−→
A∗p(K,Vi)
Example 1. (cf.[10]) Let T be a reductiveQ-algebraic group and ρ : pi1(K)→
T a representation. Consider the coordinate ring Q[T ] of T . Then as a
(T, T )-bimodule, we have
Q[T ] =
⊕
V ∗α ⊗ Vα
such that {Vα} is a set of isomorphism classes of irreducible right T -module
([10, Proposition 3.1]). We regard Q[T ] as a pi1(K)-module by ρ. Then we
have
A∗p(K,Q[T ]) =
⊕
A∗p(K,V
∗
α )⊗ Vα
and it is a DGA.
Let Γ be a discrete group. For a Γ-module V , we define the group co-
homology H∗(Γ, V ) = Ext∗Γ(Q, V ). We have the standard resolution. We
denote by Cp(Γ, V ) the set of the V -valued functions on Γ× · · · × Γ︸ ︷︷ ︸
p+1
with
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the left-Γ-action. Consider the sequence
V // C0(Γ, V )
d
// C1(Γ, V )
d
// . . .
such that the first map V → C0(Γ, V ) is the embedding as constant functions
and d : Cp(Γ, V )→ Cp+1(Γ, V ) is given by
dφ(γ0, . . . , γp+1) =
∑
(−1)iφ(γ0, . . . , γˆi, . . . , γp+1)
for φ ∈ Cp(Γ, V ), γ0, . . . , γp+1 ∈ Γ. Then the group cohomology H
∗(Γ, V ) is
the cohomology of the cochain complex C∗(Γ, V )Γ. A representation ρ : Γ→
G induces a homomorphism ρ∗ : H∗(G,V ) → H∗(Γ, V ). By the map θ :
(
∧
u
∗ ⊗ V )T → C∗(G,V )G as Section 2, we give a geometric representation
of ρ∗ : H∗(G,V )→ H∗(Γ, V ).
We define the acyclic simplicial complex EΓ with the free discontinuous
Γ-action so that:
• For integers n ≥ 0, simplices of EΓ are standard n-simplices ∆(γ0,...,γn)
indexed by Γn+1.
•
(t1, . . . , ti−1, ti+1, . . . , tn)(γ0,...,γi−1,γi+1,...,γn) ∈ ∆(γ0,...,γi−1,γi+1,...,γn)
is identified with
(t1, . . . , ti−1, 0, ti+1, . . . , tn)(γ0,...,γn) ∈ ∆(γ0,...,γn).
• For γ ∈ Γ, the action is given by
γ · (t1, . . . , tn)(γ0,...,γn) = (t1, . . . , tn)(γγ0,...,γγn).
We define BΓ the quotient of EΓ by the Γ-action. Then the simplicial
complex BΓ is an Eilenberg-Maclane space K(Γ, 1). For a finite dimensional
Γ-module V , we consider the Q-polynomial de Rham complex A∗p(BΓ, V )
of BΓ with values in local system V . Define the map ι : Anp (BΓ, V ) →
Cn(Γ, V )Γ as
ι({ωσ}σ∈BΓ)(γ0, . . . , γn) =
∫
∆(γ0,...,γn)
ω∆(γ0,...,γn) .
Since we can identify C∗(Γ, V )Γ with the cochain complex C∗(BΓ, V ), the
map ι : App(BΓ, V )→ Cp(Γ, V )Γ induces a cohomology isomorphism
H∗(A∗p(BΓ, V ))
∼= H∗(Γ, V ).
We define the map ψ : (
∧
u
∗ ⊗ V )T → A∗p(BΓ, V ) such that
ψ(ω) = {σp(ρ(γ0), . . . , ρ(γp))
∗ω}∆(γ0,...,γn)
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where σp(ρ(γ0), . . . , ρ(γp))
∗ω is defined in Section 2. By the G-invariance of
ω ∈ (
∧
u
∗ ⊗ V )T and the relation
σp(g0, . . . , gp)(t1, . . . ti−1, 0, ti, . . . tp−1)
= σp−1(g0, . . . , gi−1, gi+1, . . . , gp)(t1, . . . , tp−1),
we actually have ψ(ω) ∈ A∗p(BΓ, V ). Then the map ψ : (
∧
u
∗ ⊗ V )T →
A∗p(BΓ, V ) is a cochain complex homomorphism.
We have the commutative diagram
(
∧
u
∗ ⊗ V )T
ψ

θ
// C∗(G,V )G
ρ∗

A∗p(BΓ, V )
ι
// Cp(Γ, V )Γ.
Hence we have:
Corollary 3.1. The induced map ψ∗ : H∗(u, V )T → H∗(A∗p(BΓ, V )) is
identified with the map ρ∗ : H∗(G,V )→ H∗(Γ, V ).
Suppose V = Q[T ]. Then we have (
∧
u
∗ ⊗Q[T ])T =
∧
u
∗ and we have
the DGA map ψ :
∧
u
∗ → A∗p(BΓ,Q[T ]). As we notice in Example 1, in this
case Corollary 3.1 is written as the following statement.
Corollary 3.2. The induced map ψ∗ : H∗(u,Q) → H∗(A∗p(BΓ,Q[T ])) is
identified with the map
ρ∗ :
⊕
H∗(G,V ∗α )⊗ Vα →
⊕
H∗(Γ, V ∗α )⊗ Vα.
4. Classifying spaces of torsion-free virtually polycyclic
groups
Let Γ be a torsion-free virtually polycyclic group, G a Q-algebraic group
and ρ : Γ → G a representation with the Zariski-dense image. It is known
that we have dimU ≤ rankΓ where U is the unipotent radical of G. We say
that ρ : Γ→ G is a full representation if dimU = rankΓ.
Theorem 4.1 ([20]). If ρ : Γ → G is an injective full representation, then
for any rational G-module V the induced map ρ∗ : H∗(G,V )→ H∗(Γ, V ) is
an isomorphism.
We suppose that ρ : Γ→ G is an injective full representation. Denote by
u the Lie algebra of the unipotent radical U of G. Take a splitting G = T⋉U
for a maximal reductive subgroup T . Then by Corollary 3.1 and Theorem
4.1, we have the following fact.
Theorem 4.2. The map ψ : (
∧
u
∗ ⊗ V )T → A∗p(BΓ, V ) induces a cohomol-
ogy isomorphism.
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Suppose V = Q[T ] as a Γ-module. By Corollary 3.2, we obtain the
following result.
Theorem 4.3. We have an explicit DGA map
∧
u
∗ → A∗p(BΓ,Q[T ]) which
induces a cohomology isomorphism. Hence
∧
u
∗ is the minimal model of
A∗p(BΓ,Q[T ]).
5. Examples and applications to symplectic and contact
geometry
An infra-solvmanifold is a manifold of the form G/∆, where G is a simply
connected solvable Lie group, and ∆ is a torsion-free subgroup of Aut(G)⋉G
such that the closure of h(∆) in Aut(G) is compact where h : Aut(G)⋉G→
Aut(G) is the projection. An infra-solvmanifold is a generalization of a
solvmanifold. An infra-solvmanifold is a aspherical manifold with a virtually
polycyclic group.
Let Γ be a torsion-free virtually polycyclic group. Then there exists a
compact infra-solvmanifold M with the fundamental group Γ (see [2]). It is
known that every compact infra-solvmanifold is smoothly rigid ([2, Corollary
1.5]). Hence we have the canonical correspondence between torsion-free
virtually polycyclic groups Γ and infra-solvmanifolds MΓ with pi1(MΓ) = Γ.
Hence by Theorem 4.2, we can study the cohomology of a infra-solvmanifolds
MΓ.
For a torsion-free virtually polycyclic group Γ and a full representation
ρ : Γ → G, take a splitting G = T ⋉ UΓ for a maximal reductive sub-
group T . Denote by u the Lie algebra of the unipotent radical U of G.
Then by Theorem 4.2, the cohomology of the DGA (
∧
u
∗)T is isomorphic to
H∗(MΓ,Q). By this isomorphism, we can find an integral symplectic form
on the compact infra-solvmanifold MΓ.
Proposition 5.1. If there exists a 2-form ω ∈
(∧2
u
∗
)T
such that dω = 0
and ω is non-degenerate, then the compact infra-solvmanifold MΓ admits a
integral symplectic form.
Proof. We suppose that rankΓ = 2n. It is sufficient to show thatMΓ admits
a symplectic form α such that [α] ∈ H2(MΓ,Q). It is known that if we have
a ∈ H2(MΓ,R) so that a
n 6= 0, then we have a symplectic form α which is
a representative of a (see [17]).
Now we suppose that there exists a 2-form ω ∈
(∧2
u
∗
)T
such that dω = 0
and ω is non-degenerate. Consider the cohomology class [ω] ∈ H2(MΓ,Q).
Then, since ω ∈
(∧2
u
∗
)T
is non-degenerate, we have [ω]n 6= 0. Hence,
taking a symplectic form which is a representative of [ω], we can prove the
proposition. 
Example 2. Let A be a semi-simple matrix such that A ∈ SLm(Z) and
for any non-zero integer n we suppose An 6= 1 where 1 is the unit matrix.
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Consider the semi-direct product Γ = Z ⋉ Zm such that the action of Z
on Zm is given by Z ∋ t 7→ At ∈ Aut(Zm). The group Γ is torsion-free
polycyclic of rank m+ 1. Take B =
(
1 0
0 A
)
∈ SLm+1(Z). Let T be the
Zariski-closure of 〈B〉 in SLm+1(Q). By the assumption, T is diagonalizable.
consider the Q-algebraic group G = T ⋉ Qm+1 with the unipotent radical
Qm+1. We have the injective homomorphism
ρ : Γ ∋ (t, v) 7→ (Bt, t, v) ∈ G
where t ∈ Z and v ∈ Zm. Then we can easily check that ρ(Γ) is Zariski-dense
in G and so ρ is full. Thus by Theorem 4.2, we have an isomorphism
H∗(MΓ,Q) ∼=
(∧
Qm+1
)T
=
(∧
Qm+1
)〈B〉
.
Additionally, we assume that
A =


1
A1
. . .
Ak


such that A1, . . . , Ak ∈ SL2(Z) and they are semi-simple. By the above
assumption, some Ai satisfies A
n
i 6= 1 for any non-zero integer n. Then,
taking the standard basis e1 . . . e2k+2 of Q
2k+2, we obtain the non-degenerate
two form ω ∈
(∧2
Q2k+2
)〈B〉
such that
ω = e1 ∧ e2 + · · ·+ e2k+1 ∧ e2k+2.
Hence in this case MΓ admits a integral symplectic form ω. By [18, Propo-
sition 1.1, Proposition 1.4], we can say that MΓ is formal in the sense of
Sullivan ([7], [31]) and (MΓ, ω) satisfies the hard Lefschetz property. On the
other hand, since the matrix A does not have a finite period, Γ is not vir-
tually nilpotent and hence by the result in [1] MΓ does not admit a Ka¨hler
structure. Using integral symplectic form ω, we construct the following
examples:
New Examples 1. SinceMΓ is 2k+2-dimensional manifold with integral sym-
plectic form ω, we have a symplectic emmbeddingMΓ → CP
N for N ≥ 2k+3
([9], [32]). Hence, as McDuff’s construction [26], we obtain the symplectic
blow-up XΓ of CP
N along MΓ. By [5, Theorem 2.2], the symplectic blow-up
XΓ satisfies the hard Lefschetz property. Moreover, in [24], it is announced
that the blow-up along a manifold M symplectically embedded in a large
enough complex projective space is formal if and only if M is formal. If this
fact true, then XΓ is formal and hence we obtain a formal and hard Lef-
schetz symplectic manifolds such that we do not know whether they admit
Ka¨hler structures.
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New Examples 2. By the integral symplectic form ω on MΓ, we obtain the
principal circle bundle PΓ → MΓ associated with [ω] ∈ H
2(MΓ,Z). It is
known that PΓ is a regular contact manifold. Recently, the hard Lefschetz
property on contact manifolds is defined. (see [6], [25]) In [25], it is proved
that the contact manifold PΓ satisfies hard Lefschetz property if and only
if the symplectic manifold MΓ satisfies hard Lefschetz property. Hence PΓ
satisfies hard Lefschetz property. In [21], it is proved that polycyclic funda-
mental groups of compact Sasakian manifolds are virtually nilpotent. Since
Γ is not virtually nilpotent, the fundamental group of PΓ is not virtually
nilpotent. Hence PΓ does not admit a Sasakian structure.
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